Evidence of persistent layering, with a vertical stacking of sharp variations in temperature, has been presented recently at the vertical and lateral periphery of energetic oceanic vortices through seismic imaging of the water column. The stacking has vertical scales ranging from a few metres up to 100 m and a lateral spatial coherence of several tens of kilometres comparable with the vortex horizontal size. Inside this layering, in situ data display a [k
h ] scaling law of horizontal scales for two different quantities, temperature and a proxy for its vertical derivative, but for two different ranges of wavelengths, between 5 and 50 km for temperature and between 500 m and 5 km for its vertical gradient. In this study, we explore the dynamics underlying the layering formation mechanism, through the slow dynamics captured by quasi-geostrophic equations. Three-dimensional high-resolution numerical simulations of the destabilization of a lens-shaped vortex confirm that the vertical stacking of sharp jumps in density at its periphery is the three-dimensional analogue of the preferential wind-up of potential vorticity near a critical radius, a phenomenon which has been documented for barotropic vortices. For a small-Burger (flat) lens vortex, baroclinic instability ensures a sustained growth rate of sharp jumps in temperature near the critical levels of the leading unstable modes. Such results can be obtained for a background stratification which is due to temperature only and does not require the existence of salt anomalies. Aloft and beneath the vortex core, numerical simulations well reproduce the [k
h ] scaling law of horizontal scales for the vertical derivative of temperature that is observed in situ inside the layering, whatever the background stratification. Such a result stems from the tracer-like behaviour of the vortex stretching component and previous studies have shown that spectra of tracer fields can be steeper than −1, namely in −5/3 or −2, if the advection field is very compact spatially, with a −5/3 slope corresponding to a spiral advection of the tracer. Such a scaling law could thus be of geometric origin. As for the kinetic and potential energy, the k
Context
Recent high-resolution observations have revealed the existence of small-scale structures in the vicinity of energetic mesoscale features. Specifically, oceanographers have introduced the terminology of 'submesoscale' to refer to the dynamical features such as filaments or fronts, in the 0.1-10 km range, that are smaller than mesoscale eddies (e.g. Lapeyre & Klein 2006) . Presently most of these studies on submesoscale dynamics have concerned the oceanic surface layers (upper 400 m; e.g. Klein et al. (2008) and references therein). An exception is the quasi-geostrophic study by Smith & Ferrari (2009) of thermohaline variance dynamics below the main oceanic thermocline, in the 800-1800 m depth range. Moreover, as developed in the following section, a new realm of unprecedented high-resolution observations using multichannel seismic reflection methods has revealed the ubiquity of fine-scale structures at the periphery of deep ocean vortices, far from the ocean surface layers.
The notable proximity in physical space of these small-scale structures to the dominant mesoscale features raises the question of energy exchanges across lateral scales of motion. More generally, it is connected to the possibility of 'a direct route to dissipation in the ocean interior by a forward energy cascade' to smaller (horizontal) scales (Molemaker, McWilliams & Capet 2010) .
The latter question is also related to the vast body of literature which attempted to find a rationale for the −5/3 spectral slope, first observed by Naström & Gage (1985) for the atmospheric mesoscale, in terms of turbulent regimes and their associated energy cascades, and in the oceans (Riley & Lindborg 2008 , and references herein). In order to understand atmospheric turbulence at mesoscales, Waite & Bartello (2004) and Lindborg (2005) have studied the effects of rotation on stratified turbulence and shown the existence of a critical Rossby number above which the direction of the stratified energy cascade is reversed. Indeed, Brethouwer et al. (2007) document under which conditions a −5/3 scaling law is obtained for strongly stratified turbulence and, furthermore, show that a distinctive feature is the spontaneous formation of thin horizontal layers. In addition to these somewhat idealized calculations, realistic atmospheric general circulation models have also reproduced −5/3 scaling laws (Hamilton, Takahashi & Ohfuchi 2008) . Recently, Molemaker et al. (2010) and Vallgren, Deusebio & Lindborg (2011) , in different flow geometries, have been able to numerically simulate quite extended inertial ranges in −5/3, with constant downscale energy fluxes for fully turbulent forced flows. We want to stress that in both studies a necessary condition for reproducing such inertial ranges is to involve a characteristic Rossby number significantly larger than 1. However, note that spectral scaling laws B. L. Hua, C. Ménesguen, S. Le Gentil, R. Schopp, B. Marsset and H. Aiki provided by measurement can also be close to −2. This spectral slope has been interpreted (Samelson & Paulson 1988) as inertia gravity wave dynamics.
Here, we address a related energy flux question but from a deterministic point of view: how can a deep coherent vortex, such as an oceanic Meddy (see the following section), leak its energy and tracer properties to its environment through the formation of thin quasi-horizontal layers?
In the oceanic literature, stacked layers commonly observed in numerous locations of the world's oceans have been interpreted in terms of viscous/diffusive instability mechanisms, as in Ruddick & Richards (2003) for double diffusive instability or in McIntyre (1970) for visco-diffusive instability. Furthermore, Balmforth, Smith & Young (1998) invoked a non-monotonic relation between the buoyancy flux and the buoyancy gradient to explain the dynamics of layers and interfaces of turbulent stratified flows.
Alternately, we focus here on quasi-inviscid and quasi-non-diffusive dynamics to address the layering formation problem by choosing to study it with quasi-geostrophic dynamics, without salinity effects in the density field.
The paper is organized as follows: § 2 documents the high-resolution in situ observations of small-scale structures at the periphery of an anticyclonic vortex; § 3 reports on results of quasi-geostrophic simulations which succeed in reproducing the observed layering at the periphery of a vortex; § 4 discusses our results.
High-resolution in situ observations of an anticyclonic eddy
Although multichannel seismic reflection methods have been used for decades to image the solid earth beneath the seabed, Holbrook et al. (2003) only recently demonstrated the feasibility to continuously map the internal structure of the water column with an outstanding resolution of 10 m in both horizontal and vertical directions, using conventional towed hydrophone arrays and acoustic air gun sources. Figure 1 shows an example of a seismic section acquired in April-May 2007 during the Geophysical Oceanography (GO) Experiment (Hobbs 2007) in the Gulf of Cadiz (North East Atlantic), synchronously and collocated with more traditional physical oceanographic data based on temperature and salinity profiles. The quantity which is displayed is the acoustic reflectivity (the stronger, the darker), induced by vertical variations of the acoustic impedance, defined as the product of the fluid density by the sound speed, which is largely controlled by temperature variations (Nandi et al. 2004) , although at certain depths Sallarès et al. (2009) showed that the salinity influence may not be negligible.
The Mediterranean eddy, Meddy hereafter (Meddies are anticyclonic lens-shaped eddies that are easily recognized because they trap Mediterranean water in their core (Armi et al. 1989; Richardson, Bower & Zenk 2000) ; they are particularly abundant in the Mediterranean Water outflow in the 600-1300 m depth range and are very long-lived vortices with a life span that can exceed 2 years, with characteristic Rossby number in the range 0.3-0.7), that appears in the centre of the figure is acoustically marked by a concentration of vertically stacked acoustic reflectors, with a typical 10-100 m vertical separation between reflectors, and a given reflector can be traced on horizontal distances that can exceed 30 km (Biescas et al. 2008) .
What is striking in this image is the spatial concentration of acoustic reflectors, especially in the immediate vicinity of the central Meddy, with the strongest signal located directly above the eddy. These vertically stacked acoustic reflectors are wellcorrelated with vertically stacked temperature anomalies and hereafter, we will use the The pre-processing of seismic data, apart from amplitude recovery and band-pass filtering, notably includes the damping of the direct wave which blurs the shallow reflectors, via a singular value decomposition filter (Golub & Van Loan 1996) . Seismic data processing is limited to constant velocity dynamic corrections (normal move out) and summation (stack).
terminology of 'layering' to refer to such phenomenon, taking into account their large lateral extension. The existence of vertically stacked anomalies surrounding anticyclonic eddies had previously been shown using data from conventional Expendable Bathythermograph (XBT) temperature profiles (Pingree & Le Cann 1993) . More generally, acoustically marked 'layering' appears to occur in the proximity of energetic mesoscale features.
In the case of acoustic images, either internal waves (e.g. Gonella & Michon 1988; Holbrook & Fer 2005) or double-diffusive processes (Biescas et al. 2008) have been invoked to explain the observed layering. An alternative viewpoint has been proposed by Ménesguen et al. (2009) : taking advantage of the fine resolution of long seismic transects, oceanic turbulence properties over several decades of horizontal scales have been characterized using migrated acoustic reflectivity data. A horizontal scaling law in −5/3 is found to extend from 100 m to 4 km horizontal wavelength for the most intense acoustic reflectors which surround strong anticyclonic eddies.
Here, we revisit a part of the GO dataset in order to obtain an acoustic reflectivity signal. The seismic data treatment is the conventional one, but with a processing bin enlarged to 50 m in order to reduce the signal-to-noise ratio. The seismic instrument (e.g. source) filter has been removed through deconvolution (figure 2a). The source signature being unavailable, it is estimated from the near-offset sea-bottom reflections. However, the seismic data content remains mainly driven by the source frequency bandwidth, which, in our study, lies between 20 and 60 Hz. As was shown in Ménesguen et al. (2009) , the range of horizontal scales actually probed by different acoustic sources is found to be directly linked to their frequency content. Here, an estimation of the well-represented horizontal scales is between 500 m and 5 km.
We emphasize that the deconvoluted acoustic reflectivity is more precisely controlled by the vertical derivative of temperature, filtered by the seismic source bandwidth. Therefore, acoustic reflectivity is proportional to a filtered quasi-geostrophic vortex stretching: this will be the cornerstone of the quasi-geostrophic modelling presented in the next section which provides a rationale for layering formation. During the GO experiment, concomitantly to the seismic measurements, XBT temperature profiles were taken at regular intervals. In particular, the section corresponding to figure 2 was sampled synchronously by seismic methods and by an XBT survey with a 2-3 km grid sampling.
Results are presented in figure 3 in terms of horizontal wavenumber spectra, the blue and green curves corresponding to the blue and green boxes, respectively, for Blue (respectively, green) curves correspond to the blue (respectively, green) box of figure 2. Green curves have been shifted by one decade for better reading. Continuous black lines correspond to the best linear fit of the spectra slopes, with an error estimate corresponding to the dotted lines.
seismic data (figure 3a) and for XBT temperature signal (figure 3b). The horizontal axis corresponds to horizontal wavenumbers for both figures, and clearly reflects the differences in resolution for the two types of acquisition. The most important result is the existence of scaling laws over one decade of scales in both data sets. In the layering above the Meddy, acoustic reflectivity displays a k reflectivity spectrum holds in both the blue box, between 600 and 900 m depth, which contains the most intense reflectors, but also in the larger size green box. In the latter case, the signal variance is clearly dominated mostly by the variance of the upper layering signal.
As for the temperature signal of figure 3(b), horizontal spectral slopes between −5/3 and −2 are present for horizontal scales between 5 and 50 km. Such a range is limited, on one side, by the much coarser horizontal grid of the XBT survey and, on the other side, by the finite lateral extension of the layering of figure 2(b). Such spectra were also measured in Samelson & Paulson (1988) who had linked the spectral slopes to a signature of inertia gravity waves.
Both figure 3(a) and (b) contain scaling laws comprised between −5/3 and −2, but for two different physical quantities (acoustic reflectivity and temperature, respectively) and for different ranges of scales. Both types of measurements are thus complementary in spectral space, a property which has already been used by Papenberg et al. (2010) in their high-resolution temperature two-dimensional section reconstruction.
During the GO experiment, CTD (conductivity, temperature, depth) casts were also available and figure 4 documents vertical profiles of Brunt-Väisälä frequency (N ). The black curve corresponds to the background stratification obtained by averaging 14 vertical profiles located outside the Meddy, while the red curve corresponds to a vertical profile located inside the Meddy core. The eddy core, between 800 and 1400 m depth, is characterized by an almost constant N Finally, additional concomitant physical oceanography measurements led to a rough estimate of the Rossby number of the observed Meddy to be ∼0.25 and therefore far from an inertially unstable regime.
Quasi-geostrophic simulations
Observations presented in the previous section raised the following questions.
(a) What is the underlying dynamics leading to the formation of the layering observed at the periphery of the Meddy, mostly aloft and beneath such an anticyclonic vortex? (b) More generally, can the small scales associated with the layering, that typically lie in the so-called submesoscale range, be created from the mesoscale structure of the Meddy? (c) Can the scaling laws between −5/3 and −2, that are seen both in the vertical derivative of temperature (as seen in acoustic reflectivity) and in temperature, be reproduced using the slow dynamics of quasi-geostrophic equations?
3.1. Initial base state and background stratification In order to answer such questions, we have performed highly idealized simulations of the dynamics of an anticyclonic eddy in a rotating stratified flow on an f -plane, where f is the constant Coriolis parameter, using quasi-geostrophic equations.
The conservation of quasi-geostrophic potential vorticity (PV) reads (Pedlosky 1996 )
where Ψ is the streamfunction, J(·, ·) the horizontal Jacobian operator and Q the PV defined as
where ∇ ≡ (∂/∂x, ∂/∂y), z is the vertical coordinate, f is the Coriolis parameter and N is the background Brunt-Väisälä profile and ν is hyperviscosity required to dissipate potential enstrophy at the smallest scales in the numerical simulations. Lateral and vertical characteristic scales of the vortex are denoted as L and H, respectively. The absolute value of the relative vorticity at the vortex centre is ζ 0 . They are used as characteristic values for the non-dimensionalization:
Hereafter, we drop the˜. Specifically, the compact support function which is used to represent the vortex lens isψ
with α chosen to be 1 or 2. Taylor expansions near the vortex centre gives respectively a r 2 and a r 4 radial dependence of the PV field associated with the streamfunction in (3.4), yielding a base state with a nearly homogenized PV near the vortex centre, a B. L. Hua, C. Ménesguen, S. Le Gentil, R. Schopp, B. Marsset and H. Aiki property shared by many geophysical vortices. Note that the sign of (3.4) corresponds to the case of an anticyclonic vortex core, since we want to model the evolution of a Meddy: however, this has no dynamical consequences in the quasi-geostrophic framework which is invariant under reversal of PV sign. Here N (z) is chosen either constant or depth-variable, while N 0 is a characteristic value of the background stratification. The Burger number of the base state is
In all of the following simulations, the Burger number, the characteristic value of the background stratification and the lateral characteristic scale L have been specified and the scaling height H is deduced.
The PV anomalyQ of the base state is
(3.7)
Two simulations, hereafter referred to as runs A and B, corresponding to constant (red curves in figure 5) or depth-variable N 2 (z) (blue curves in figure 5), respectively, will be analysed in the rest of this section. Figure 5 (a) displays the background stratification outside the Meddy, while the black curve in figure 5(b) displays the in situ Meddy-induced anomaly in Brunt-Väisälä frequency, dimensionally, δN 2 ≡ fψ zz , and the red and blue curves are fits of the simulated basic state using (3.4). The base state defined by (3.4) differs from the Gaussian streamfunction used in Nguyen et al. (2012, hereafter NHSC12) which implied an excessively large relative amplitude of negative stretching over the positive stretching above and below the eddy core, when compared with the N 2 (z) barriers at the upper and lower boundaries of the Meddy that are evidenced in figure 4. Furthermore as evidenced by figure 5, in the case of variable N (z), the shape of (3.4) is particularly appropriate to fit the observed profile.
The numerical experiments reported here correspond to spin-down experiments for a flat lens vortex with small Burger number (Bu < 0.5) and a moderate initial relative vorticity at the vortex centre, as observed for the GO experiment Meddy. The background stratification is assumed to be due to temperature only and any effect due to salinity is discarded, thus preventing the occurrence of double diffusion. Both uniform and vertically varying Brunt-Väisälä profiles will be considered for regimes of strongly stratified fluid with values of N 0 /f ≈ 20-40.
The numerical code is the spectral three-dimensional quasi-geostrophic code of Hua & Haidvogel (1986) which has been parallelized to run on the Earth Simulator 2 (see Appendix). Typical resolutions correspond to resolutions of 1000 2 × 600 grid points, corresponding to a horizontal grid size of dx = 200 m and a vertical grid size of dz = 4 m.
Critical-level baroclinic instability
The slow quasi-geostrophic unstable modes of a lens vortex in a continuously stratified flow studied in NHSC12 were found to correspond to the group of low azimuthal modes m = 1, 2, 3, 4, 5. Their relative importance mainly depends on the aspect ratio of the lens, and hence its Burger number. For Bu < 1 (cf. figure 1c in NHSC12), higher azimuthal modes are favoured for small-aspect-ratio vortices. Here Bu < 1 corresponds to a regime where vortices destabilize mostly through baroclinic instability, with typical growth rates significantly slower than the vortex rotation period for moderate-amplitude flows. This predominance of baroclinic instability for 'flat' vortices is to be contrasted to the regime of predominant barotropic instability of 'tall' vortices (Gent & McWilliams 1986; Dritschel & de la Torre Juarez 1996) . Baroclinic instability is associated with a critical level which is located at the vortex periphery (see figure 4 of NHSC12). As elaborated on in NHSC12, this critical level can be identified as being an extremum of the disturbance PV. It can be evidenced by a forward time integration of the PV equation linearized around the basic state defined by (3.4) and initialized with random noise.
For a constant background stratification (run A), the results (not shown) are similar to those documented in NHSC12 for the case of a Gaussian streamfunction vortex. For run B, corresponding to the depth-variable background stratification of figure 5(a), figure 6(a,b) show the horizontal and vertical sections of the disturbance PV respectively at a depth of 750 m and through the vertical axis of symmetry of the vortex, after 120 days of integration. The horizontal section figure 6(a) shows the dominance of both an azimuthal mode m = 1 entirely located inside the eddy core and a mode m = 2 which is instead well outside the eddy core. The vertical section figure 6(b) shows the depth localization of the critical levels of both modes, with mode m = 2 located further away from the eddy centre than mode m = 1. Both modes have growth rates of comparable amplitude, with a slight dominance of mode m = 1 that can be evidenced by pursuing the integration of the linearized PV equation much longer in time (not shown).
A notable result is the quite strong spatial concentration of the PV disturbance both in lateral and vertical coordinates, leading to very sharp 'jump-like' variations of the PV field. Moreover, while quasi-geostrophic PV is the sum of the relative vorticity and vortex stretching terms, the simulations show that, in the vicinity of the critical levels, PV is completely dominated by the vortex stretching term, that is proportional to the vertical derivative of temperature, i.e. precisely to the signal that determines the acoustic reflectivity measured by seismic reflection technique. The above linearized results have been used as an interpretation guide for the nonlinear simulations. The time integration of the fully nonlinear PV equation is performed, using as initial conditions the compact anticyclonic vortex of (3.4) with random barotropic noise and thus no a priori baroclinic scale in initial disturbances. For run A (constant background stratification), figure 7(a) shows the full initial PV at the depth of the eddy centre (z = 1100 m). The finite-amplitude growth of modes m = 2 (and also m = 1) leads to the formation of two slightly asymmetric satellites (figure 7b). Such satellites connected by spiral arms to the main eddy core have been observed in situ in the seismic data for another Meddy structure (Ménesguen et al. 2012) . A subsequent ejection of a long PV filament which destabilizes into rolls that coalesce into smaller size vortices is seen in figure 7(c), while the vortex core undergoes polygonal deformations due to azimuthal modes 3, 4, 5 of slower growth rate. The final stage corresponds to a tendency for axisymmetrization of the central vortex core (figure 7d). The same type of phenomenology is observed in run B (not shown).
Layering formation
In this subsection, an overview of the phenomenology of the destabilization of the lens vortex is provided. Moreover, we will predominantly focus on vortex stretching, since it is the dominant component of PV near the critical levels above and below the vortex core and is furthermore directly related to acoustic reflectivity.
Vortex stretching changes sign between the vortex core and its upper/lower lobes. For an anticyclone, the central part of the eddy undergoes a stretching of the isotherms, while the top and bottom lobes undergo a pinching: this pinching, or positive vortex stretching, is colour coded in orange brown in figure 8. This is where stability studies predict that the critical levels are located for a compact vortex.
In figure 8(a) , the initial state is such that there is no disturbance in vortex stretching since initial random disturbances are purely barotropic. 9 ). An intercomparison of the latter figure with figure 6(b) confirms that layering remains concentrated near the critical levels of the dominant linearly unstable modes. The above simulated phenomenology, which is very robust and occurs even for a constant background Brunt-Väisälä frequency, is a three-dimensional analogue of the preferential wind-up of PV near a critical radius, a phenomenon which has been documented for barotropic vortices by Balmforth, Smith & Young (2001) for the case of neutral modes. An important difference here is that we are dealing with unstable modes associated with a critical-level instability. In other words, 'layering' results from the wind-up of vortex stretching near a critical level. A three-dimensional perspective of isosurfaces of vortex stretching is presented in figure 10 for run A, illustrating the helical structure of layering aloft and beneath the eddy core. Layering is thus not a simple stacking of pancake-like structures, but has a more complex three-dimensional structure.
Returning to the in situ observations, acoustic reflectivity is determined by the vertical derivative of temperature. It is furthermore set by the frequency bandwidth of the seismic instrumentation, and acoustic reflectivity is limited to a given bandwidth of vertical scales. In order to compare our simulation results with the observed acoustic FIGURE 10. Three-dimensional perspective of vortex stretching at day 200 of run A: the blue isosurface corresponds to non-dimensional value of −0.4 and the orange isosurface to a non-dimensional value of +0.3. reflectivity, the vortex stretching field of figure 8(d) is filtered to keep the same vertical scales as those the seismic instrumentation of figure 2(a). It is plotted in figure 11 . There are obvious resemblances in both the patterns and in the localization in physical space of the layering seen in figure 2(a) . This supports the rationale that layering formation occurs through the slow (quasi-geostrophic) wind-up of PV jumps associated to the critical levels of baroclinic instability of the flat lens vortex.
Note in figure 11 the presence of quite tilted reflectors, above and beneath the vortex core, that are also seen in the high-resolution seismics of Geli et al. (2009) and Pinheiro et al. (2010) . Analogous numerical results concerning tilted patterns are reported by Smith & Ferrari (2009) who advocate an f /N slope. Figure 11 shows however a whole range of slopes for the tilted reflectors with a maximum slope close to f /N for a few reflectors.
Having provided evidence that the layering is attached to special depths, close to the critical levels predicted by linear theory, we now document the specific geometric patterns of layering in the horizontal plane. Figure 12 shows the horizontal patterns involved in layering formation for run A near the critical level (z = 800 m). The initial round blob of positive vortex stretching is being wound up into a spiral shaped structure. The later stages of the simulation show that the filamentation process remains trapped right at the centre of the image. It has to be contrasted to the behaviour of PV at mid-depth in figure 7, which is mostly expelled into filaments at the lateral rim of the vortex core. Similar patterns are observed for run B.
We stress that the phenomenology is not just a simple quasi-geostrophic stirring of a tracer field, because it involves critical level instabilities, with a constant forcing of PV disturbance due to baroclinic instability and we thus expect different scaling laws from the classical k −1 h spectrum in quasi-geostrophic turbulence. Indeed, at the critical level, we are dealing with a very compact advective field, with anomalies which remain trapped near the eddy core. This situation is akin to the spiral advection of a tracer field by a compact vortex, studied by Gilbert (1988) . This is further elaborated in the next subsection.
In order to quantitatively assess the tracer-like behaviour of vortex stretching near the critical levels, the stirring by the compact vortex lens of a passive tracer field with an initial random barotropic distribution has been investigated for the case of Horizontal wavenumber (m -1 ) FIGURE 14. (Colour online) Run B (variable stratification): horizontal wavenumber spectra averaged around the critical level over a depth of 100 m of (a) the vertical derivative of density and (b) a tracer field. (The y-axes are adimensional, the x-axes are rescaled to match observations. These scales apply to all subsequent spectra.) a variable background stratification (run B). The vertical section at midlatitude and horizontal section near the critical level of the tracer field are shown in figure 13(a,b) , respectively, revealing similar patterns to those seen in vortex stretching (figures 8 and 12).
Scaling laws and fluxes of energy and enstrophy 3.4.1. Passive tracer and vortex stretching scaling laws
As in the in situ data (figure 3), horizontal spectral slopes in −5/3 for the vertical derivative of density, are found in run B (figure 14a) near the critical level. The range of horizontal scales involved in the −5/3 range is somewhat narrower than in the observations and slightly shifted, covering the 4-70 km range. We suspect that reaching the resolution of the seismic data in the numerical simulations would enlarge the ranges of the scaling laws. Note the close analogy between the power density spectra of the vertical derivative of density and of the passive tracer in figure 14(a,b) , which both display a slope close to −5/3 over more than a decade of horizontal wavenumbers. The above scaling laws are reminiscent of the results of Saffman (1971) and Gilbert (1988) , who showed that spectral laws for tracer-like distributions could be significantly steeper than −1 for flows involving compact (or coherent) structures. The detailed analytical model of Gilbert (1988) , building on the earlier work of Lundgren (1982) for the −5/3 law of three-dimensional turbulence, elaborates that the range of spectral laws is precisely limited to the −[5/3-2] range for the case of a spiral advection of a tracer field by a compact two-dimensional vortex. One could argue that an alternative explanation for the −5/3 scaling of vortex stretching is that it could originate from the sharp jump in PV, and also in total N 2 , caused by the existence of the critical level, as in the case of the surface quasi-geostrophic (SQG) model of Held et al. (1995) pertaining to the strong change in stratification near the tropopause. In such a framework, scaling laws in −5/3 are predicted for the active tracer (surface temperature) as well as for the potential and kinetic energy (Blumen 1978) . However, in contrast to the SQG model, where the jump in N 2 corresponds to a jump in the background stratification, here the PV jump is moreover also caused by vortex base state and by the layering formation. The critical level of a compact vortex lens thus corresponds to a more complex setup than for the idealized SQG framework.
Kinetic and potential energy scaling laws
Horizontal spectral laws between −5/3 and −2 for both potential and kinetic energy are also found near the critical levels (see figure 15a,b) , but they concern a significantly narrower range of scales (7-35 km) than for the vertical derivative of density. Moreover, this shallowing of the energy spectra is significantly more pronounced for a variable background stratification (run B) than for the constant background stratification case (run A, not shown). Such a result points towards a SQG-like influence on potential and kinetic energy of the combined effects of a sharp variation of background stratification (see figure 5 ) and of the existence of a critical level.
The numerical simulations results for variable stratification agree with the observations of figure 3(a,b) , where the scaling laws are found for more than a decade of wavenumbers in acoustic reflectivity and they cover less than a decade for the power density spectrum of temperature.
Energy and enstrophy fluxes
From the quasi-geostrophic equations of motion 9) where b ≡ f (∂Ψ/∂z) is the buoyancy and w is the vertical velocity, the level-wise kinetic (KE ≡ |∇Ψ | 2 /2) and potential energy (PE ≡ b 2 /(2N 2 )) budgets are computed at a given level z as a function of horizontal wavenumber space k h , k h ≡ (k 2 + l 2 ) 1/2 , where k, l are the zonal and meridional wavenumbers:
Here, · denotes the horizontal spectral transform, the star * denotes the complex conjugate and Re is the real part. Vertical velocity is obtained through the quasigeostrophic so-called ω-equation (Hoskins, Draghici & Davies 1978) .
The level-wise potential enstrophy (PZ) budget in horizontal wavenumber space is evaluated through
Level-wise horizontal spectral fluxes Π (k h , z) of potential/kinetic energy and potential enstrophy are evaluated as (see e.g. Frisch 1995 
where T(k h , z) corresponds to the right-hand side terms in (3.10)-(3.12).
Energy and enstrophy fluxes are plotted (in variance preserving form) for run A in figure 16 for 10 revolution periods of the initial eddy. Note, however, that statistics have not converged for the largest spatial scales in the 70-200 km range because we are dealing with a spindown simulation and, thus, the time span of the statistics is necessarily limited when compared with a forced/damped simulation in statistical steady state. For the entire domain statistics, negative energy fluxes in the 20-70 km range reveal that the mesoscale range is being depleted by baroclinic instability to the benefit of the submesoscale range (2-10 km; see figure 16a ). Figure 16(c) documents the level-wise statistics of energy fluxes. Positive sign fluxes at submesoscales tend to concentrate around the critical levels, aloft (800 m) and beneath the eddy core (1600 m), and are also strong at mid-depth of the eddy. This diagnoses a direct energy flux from the mesoscale range to the submesoscales, corresponding to the formation of layering at the critical levels (figure 8) and to the tiny eddies seen at mid-depth (figure 7) resulting from the destabilization of the long filaments, respectively.
Enstrophy fluxes (see figure 16b) indicate that the 5-50 km range of scales undergoes a nearly constant enstrophy flux to small scales, characteristic of a direct enstrophy cascade. Level-wise, details of the enstrophy fluxes (see figure 16d ) keep a signature of layering patterns in enstrophy fluxes around 800 and 1600 m.
Note here that despite positive fluxes toward small scales, we have diagnosed essentially no energy dissipation (0.5 % of the total energy after 250 days) but there is a substantial enstrophy dissipation (20 % is dissipated after 250 days) as expected in a quasi-geostrophic dynamics. Similar results are obtained for the depth-variable stratification (run B, figure 17), but with a significant widening of the range of both submesoscale direct energy flux (1.5-15 km) and of direct enstrophy cascade (4-100 km). Moreover, there is a strong amplification of both energy and enstrophy fluxes at the main thermocline level, where the layering presents marked fine vertical scales (see figure 9 ).
In the idealized SQG set-up, the −5/3 scaling law corresponds to an inertial range with a constant potential energy flux Π(k h ) to small horizontal scales (see the discussion by Capet et al. (2008) on the differences between SQG KE and PE advective fluxes). Here, the ranges of wavenumbers displaying a near −5/3 scaling in potential/kinetic energy for run B do not coincide with a positive flux Π(k h ) in either kinetic or potential energy, but correspond instead to a positive production term T(k h ), as corroborated by the positive slope of the flux curves for the 7-35 km range in figure 17(a,c) . Our results for KE and PE fluxes do not strictly conform to the predictions of the idealized SQG framework.
Discussion
Inside the layering aloft and below a Meddy, in situ data display a [−5/3 − 2] scaling law of horizontal scales for two different quantities, temperature and its vertical derivative (obtained from the deconvoluted seismic signal). These scalings correspond to two different ranges of wavelengths, respectively between 5 and 50 km for temperature, and between 500 m and 5 km for its vertical derivative. The scaling law for the observed temperature spectrum can be related to the Garret and Munk spectrum (Samelson & Paulson 1988) . However, in this paper, we explore the dynamics underlying the layering formation mechanism, through the slow dynamics captured by quasi-geostrophic equations. Three-dimensional high resolution numerical simulations of the destabilization of a lens-shaped vortex confirm that the vertical stacking of sharp jumps in density at its periphery is the three-dimensional analogue of the preferential wind-up of PV near a critical radius, a phenomenon which has been documented for barotropic vortices. For a small-Burger (flat) lens vortex, baroclinic instability ensures a sustained growth rate of sharp jumps in temperature near the critical levels of the leading unstable modes. Such results can be obtained for a background stratification which is due to temperature only and does not require the existence of salt anomalies.
Aloft and beneath the vortex core, numerical simulations robustly reproduce the k −5/3 h scaling law of horizontal scales for the vertical gradient of temperature that is observed in situ inside the layering, whatever the background Brunt-Väisälä profile. Such a result stems from the tracer-like behaviour of the vortex stretching component, which dominates over the relative vorticity component in the quasi-geostrophic PV B. L. Hua, C. Ménesguen, S. Le Gentil, R. Schopp, B. Marsset and H. Aiki and which is proportional to the vertical gradient of temperature. Previous studies, e.g. Gilbert (1988) , have shown that spectra of tracer fields can be steeper than −1, namely in −5/3 or −2, if the advection field is very compact spatially, with a −5/3 slope corresponding to a spiral advection of tracer. Such a scaling law could thus stem from a geometric origin.
The simulated scaling laws for kinetic and potential energy also reveal a narrower range of −5/3 to −2 scaling near the critical levels, which is strongly enhanced for a sharply variable background Brunt-Väisälä profile, such as observed in situ. This raises the possibility of another plausible mechanism leading to −5/3 scalings for the power spectra of tracer field as well as for horizontal velocity and buoyancy, namely SQG-like dynamicsà la Held et al. (1995) . The SQG framework posits a sharp jump in background stratification, while in the present case, we have investigated the cases of both a constant and variable background stratification, onto which variations of effective N 2 can be caused by the compact vortex lens base state and/or can also be attributed to the layering that builds up near the critical level.
A detailed examination of the energy fluxes reveal that the near −5/3 scaling in KE and PE do not correspond to a direct flux to smaller scales but to a positive production of energy at smaller scales than the vortex lens scale.
Our study differs from previous investigations of geophysical flows with −5/3 scaling (Molemaker et al. 2010; Vallgren et al. 2011 ) in that we are dealing with a deterministic single vortex of moderate amplitude, moreover using quasi-geostrophic dynamics. Our submesoscale production does not therefore require ageostrophic dynamics and the small lateral scales can be interpreted as corresponding to local small radii of deformation: the high vertical resolution in our numerical simulations is essential to quantitatively reach such a regime, since horizontal and vertical scales are tied by Charney's (1971) isotropy.
Energy and enstrophy fluxes emphasize a strong production of submesoscales and a kinetic and potential energy flux from mesoscale to submesoscales range near the critical levels. Such horizontal submesoscale production, which is correlated to the accumulation of thin vertical scales inside the layering, thus has a significant slow dynamical component, well-captured by quasi-geostrophy.
Nevertheless, caution has to be taken while comparing the density gradient with temperature gradients issued from seismic data. Here, we did not take into account the compensation effect of salt on the observed fine-scale structures. Results of this first study will be compared in a following study to those of numerical simulations enabling: (i) salt compensating effects in the equation of state; and (ii) fast dynamics, using Boussinesq equations.
The pseudospectral code of Hua & Haidvogel (1986) , was originally entirely formulated in horizontal Fourier space and in vertical modes, both for the linear and nonlinear advection terms. The main change is the current version is that nonlinear terms are now calculated at z-levels, rather than through a triple interaction between vertical modes (e.g. Hua & Haidvogel 1986, (2.4) ). Time stepping is still performed in Fourier/vertical modes, but the streamfunction field is now projected back to physical vertical space before evaluating the nonlinear advection terms. This modification of the code lowers the computational cost from a N 3 v to a N 2 v law, where N v is the number of levels/vertical modes used in the simulation, for the case of a depth-variable stratification N (z).
Specifically, the streamfunction at a given level z is expanded in horizontal Fourier series Ψ (x, y, z, t) = with u = e z × ∇Ψ . Hyperviscosity effects are calculated by exact integration via the use of an integrating factor technique (Canuto et al. 1988 ):
Q(k h , m, t + t) = e −νk 6 h t Q(k h , m, t) + t J(k h , m, t). (A 7) At each time step, the modal streamfunction field is projected back to z space and the vortex stretching component of PV is evaluated through finite differences in z. For nonlinear terms, products are first calculated in real horizontal/vertical space (x, y, z), before being transformed to horizontal Fourier space J(k h , z, t) = − ∇ · (uQ), (A 8)
